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I .  I n t r o d u c t i  n Copy NO .-_____ of _ _ _ _  Copies 1 
This  r epor t  descr ibes  an e r r o r  a n a l y s i s  of t,he 

Apollo/Saturn 204 t e s t  mission launch veh ic l e  t r a j e c t o r y .  

The  purpose of t h i s  s tudy was t o  eva lua te  u n c e r t a i n t i e s  a t  

launch v e h i c l e  cu to f f  due t o  i n e r t i a l  p la t form and perform- 

ance u n c e r t a i n t i e s .  The s tudy w a s  performed by t h e  Control  

Systems Analysis Department a t  B e l l  Telephone Labora tor ies ,  0 
Incorporated on behalf of Bellcomm, I n c .  

The AS-204 mission i s  a manned o r b i t a l  f l i g h t  

designed t o  t e s t  spacec ra f t  opera t ions  and launch veh ic l e  

systems performance f o r  an o r b i t a l  mission.  

v e h i c l e  f o r  AS-204, cons i s t ing  of an S-IB f i r s t  s t a g e  and 

an S-IVB second s t a g e ,  w i l l  be launched from Launch Complex 

34 a t  Cape Kennedy along a f l i g h t  azimuth of 72 degrees .  

t h i s  s tudy,  the  SA-204 Launch Vehicle  Operat ional  F l i g h t  

T r a j e c t o r y  document’ was used as a re ference  for both v e h i c l e  

d a t a  and t h e  nominal t r a j e c t o r y  d e s c r i p t i o n .  

The launch 

I n  

The e f f e c t s  of p la t form and performance unce r t a in -  

t i e s  are determined by s imula t ing  per turbed  t r a j e c t o r i e s  

f o r  +30- magnitudes of each e r r o r  source .  The r e s u l t i n g  30 0 
v a r i a t i o n s  i n  s i g n i f i c a n t  t r a j e c t o r y  parameters a r e  d e t e r -  

mined both a t  s-IVB cutoff  and a t  a f ixed  t i m e  (50 seconds) 

a f te r  nominal S-IVB c u t o f f .  I n  a d d i t i o n ,  t h r e e  a n a l y t i c a l  
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investigations were performed. These include: 

(1) 

(2) 

(3) 

Noise and dynamic response of the M/F filter. 

Noise response of the navigation equations. 

The effect of noise on the prediction of cutoff 

time. 

The noise source considered in these studies is 

the accelerometer measurement quantization. 

Using three-sigma platform and performance uncer- 

tainties obtained from references 10 and 11, the following are 

the three-sigma deviations in the actual state at s - 1 ~ ~  cutoff: 

Radius 1492.6 ft 

Velocity magnitude 3.981 :ft/sec 

Flight path angle .Ol3l deg 

Inclination .0068 deg 

Node angle .O252 deg 

Time from launch 19.217 sec 

S-IVB fuel reserve 1579.5 lbs 
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11. Reference Tra, jectorg Descr ipt ion 

The nominal c losed  locp  t r a j e c t o r y  used f o r  t h i s  

0 s tudy  i s  a match of t h e  SA-204 Launch Vehicle  Operat ional  

F l i g h t  Tra jec tory . '  To develop t h i s  nominal t r a j e c t o r y ,  an 

open loop t r a j e c t o r y  w a s  f i r s t  generated which matches t h e  

s i g n i f i c a n t  parameters on t h e  r e fe rence .  

The p i t c h  p r o f i l e  of t h e  open loop t r a j e c t o r y  

c o n s i s t s  of a. 10 second v e r t i c a l  r i s e  followed by an i n s t a n -  

taneous change i n  p i t c h  (k ick  ang le )  t o  i n i t i a t e  a g r a v i t y  

t u r n .  The g r a v i t y  t u r n  i s  flown u n t i l  133 seconds a t  which 

t i m e  t h e  a t t i t u d e  i s  f i x e d .  A t  185.4 seconds,  t h e  v e h i c l e  

i s  given a second instantaneous p i t c h  change followed by a 

qons tan t  p i t c h  r a t e  u n t i l  S-IVB c u t o f f .  

The k ick  angle  a t  10 seconds w a s  s e l e c t e d  t o  match 

the  re ference  a l t i t u d e  a t  185.4 seconds (321,405 f t ) .  The 

p i t c h  angle a t  185.4 seconds toge the r  with t h e  cons tan t  

p i t c h  r a t e  and S-IVB cu to f f  time were chosen t o  s a t i s f y  t h e  

r ad ius  (21,442,123 f t ) ,  v e l o c i t y  (25,702.53 f t / s e c ) ,  and 

i n e r t i a l  f l i g h t  pa th  angle  ( 0 . 0  deg . )  a t  S-IVB c u t o f f .  

These c o n s t r a i n t s ,  t oge the r  w i t h  a launch azimuth of 72 0 
degrees and no r o l l  or yaw maneuvers, y i e l d  an o r b i t a l  plane 

w i t h  an i n c l i n a t i o n  of 32.469 degrees and an angle  from t h e  

launch meridian t o  t h e  descendin.g node of 123.315 degrees .  
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The r e s u l t i n g  open loi-lp re ference  t r a j e c t o r y  was 

then processed t o  ca lcu l r t te  all r equ i r ed  guidance coristamts . 
A complete c losed  l o o p  s i n u l a t i o n  was then  performed, u s i n g  

the  2-s tage IGM equa t ions ,  t o  genera te  t h e  nominal t r a j e c -  

t o r y  shown i n  Table 1. 

0 



Event 

LAUNCH 

S 4 6 N  

MIxl 

JETISG 

JETLES 

MIX2 

Time 

see 

0 

141.65 

- 

144.60 

149.00 

153.50 

157.20 

185.40 

47 %-a0 

589 495 
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TABLE 1 

Closed b o p  Reference Trajectory 

Latitude Longit 

deg 

28.36 

28.52 

28.54 

28.56 

28.58 

28.60 

28.73 

-9 78 

31 79 

de@; 

-80.56 

-79 99 

-79 94 

-79 87 

-79 79 

-79 73 

-79 22 

-69.94 

-62.79 

Altitude 

ft 

40. 

189762. 

199591. 

214027. 

228322. 

239822. 

320557 

573143. 

536098 

Velo ity 

ft/sec 

1341.76 

7586 15 

7753.06 

7693.78 

7730.06 

7771 96 

8143.38 

1818 3.15 

25702.64 

Flight 
Path 
Angle 

deg 

0. 

25 91 

25.52 

24.67 

23 9 91 

23.30 

18.98 

-1.23 

0.  

Flight 
Path 
Azimuth 

deg 

90.02 

75.83 

75-77 

75.81 

75.82 

75.83 

75-88 

79.38 

83.01 
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111. Simulation Descr ip t ion  

The s imula t ion  r equ i r ed  f o r  t h e  e r r o r  a n a l y s i s  was 

performed us ing  t h e  Bellcomm Apollo Simulat ion Program 

(BCMASP).* 

l a t o r  which genera tes  t h e  t r a j e c t o r y  by numerical i n t e g r a -  

t i o n  of a l l  s i g n i f i c a n t  a c c e l e r a t i o n s  a c t i n g  on t h e  veh ic l e .  

S ince  BCMASP i s  descr ibed  elsewhere i n  d e t a i L , 3 ' 4  only those  

a s p e c t s  of t h e  program t h a t  r e l a t e  d i r e c t l y  t o  t h e  e r r o r  

a n a l y s i s  w i l l  be d i scussed  i n  t h i s  r e p o r t .  

T h i s  program i s  a t h r e e  degree of freedom simu- 

A f 'unct ional  diagram of t h e  c a l c u l a t i o n s  performed 

i n  each guidance cyc le  by t h e  s imula t ion  program i s  given 

i n  Figure 1. A s  i l l u s t r a t e d  i n  t h i s  diagram, t h e  m i s s i l e  

dynamics a r e  s imulated t o  o b t a i n  t h e  a c t u a l  p o s i t i o n ,  ve- 

l o c i t y ,  and t h e  i n t e g r a l  o f  t h e  nongravi ty  a c c e l e r a t i o n .  

The accelerometer  measurements a r e  sirmlztec? by conver t ing  

t h e  i n t e g r a l  of nongravi ty  a c c e l e r a t i o n  t o  p la t form coordi-  

n a t e s  and adding e r r o r s  a s s o c i a t e d  w i t h  t h e  p la t form gyros 

and accelerometers .  The acce lerometer  process lng ,  naviga- 

t i o n ,  and guidance equat ions  a r e  equiva len t  t o  those  spec i -  

f i e d  i n  the  Launch Vehicle D i g i t a l  Computer (LVDC) Equation 

Defining Document f o r  ~ s - 2 0 4 . ~  

t h e s e  func t ions  w i l l  now be d iscussed .  

T h e  p e r t i n e n t  d e t a i l s  of 

A. Mis s i l e  3yrLamics 

I n  s imdla t ing  t h e  m i s s i l e  dynamics, t h e  a c c e l e r a -  

t i o n s  due t o  t h r u s t ,  drag,  l i f t ,  and g r a v i t y  were considered.  
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Second s t 2 s e  t h r u s t  and mass f l o w  r a t e s  f o r  both s t a g e s  were 

ctssumed c o n s t a n t .  The f i r s t  s t a g e  t h r u s t  was determined h y  

the fo l lowing  equat ion : 

where 

T = t h r u s t  

= t h e  cons tan t  s e a  l e v e l  t h r u s t  Tsa 

At = t h r u s t  chamber area 

p = atmospheric p re s su re  

m = s e a  l e v e l  n v n c c T > v  yiZ;*Iuuie 

Thrus t  bui ldup and decay were s imulated by an equ iva len t  

l eng then ing  of t h e  burn a t  f u l l  t h r u s t .  

The t h r u s t  l e v e l s  and mass flow rates were chosen 

by t h e  fol lowing procedure w i t h  t h e  i n t e n t i o n  of matching 

p o s i t i o n  and v e l o c i t y  along t h e  r e fe rence  t r a j e c t o r y :  1 

1. The event t imes shown i n  Table 1 &ere s e l e c t e d  t o  

r e f l e c t  t h e  e f f e c t  of t h r u s t  3u i ldups  and decays.  

2 .  Constant mass f l o w  r a t e s  were computed such tha t  

t h e  ve%lc le  weight a t  t h e  events  matched t h e  

r e fe rence .  
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and At were ad jus t ed  such that  t h e  v e l o c i t y  3 -  Ts,l 
magnitude arid i n e r t i a l  f l i g h t  p a t h  angle  patched 

t h e  re ference  a t  t h e  t ime of j e t t i s o n i n g  t h e  launch 

escape system. 

4. S-IVB t h r u s t  a t  5.0:l mixture r a t i o  was assumed 

nominal, a t  5.5:1 mixture r a t i o ,  an average t h r u s t  

f r o m  t h e  r e fe rence  was used,  and a t  4.7:1 mixture 

r a t i o ,  t h e  t h r u s t  was a d j u s t e d  t o  achieve c u t o f f  

v e l o c i t y  a t  t h e  proper  t ime.  

Drag and l i f t  fo rcea  were computed us ing  t h e  drag  

and l i f t  c o e f f i c i e n t  curves given i n  r e fe rence  1 and t h e  

P a t r i c k  Reference Atmosphere. 6 

f o r c e ,  the torque  c rea t ed  by the  l i f t  f o r c e  i s  balanced by 

d e f l e c t i n g  t h e  t h r u s t  vec to r  from t h e  r o l l  a x i s .  The 

g r a v i t a t i o n a l  f o r c e  i s  computed from the s tandard  Fis l ier  

E l l i p s o i d  model of t h e  Ea r th  as def ined  i n  r e fe rence  7.  

I n  computing t h e  normal 

The a t t i t u d e  of t h e  v e h i c l e  I s  determined by i n -  

t e g r a t i n g  cons tan t  a t t i t u d e  r a t e s .  These r a t e s  a r e  recom- 

puted each guidance cyc le  and ordered t o  accomplish t h e  r e -  

qu i red  change i n  a t t i t u d e  as determined by t h e  guidance 

equat ions .  Although angular  dynamics and a u t o p i l o t  response 

a r e  not  s imulated,  r a t e  l i m i t i n g  of 1 degree/second i s  

a p p l i e d .  

L 



B .  I n e r t i a l  Platform SimulatioE 

The accelerometer measurements a r e  s imulated by 

i n t e g r a t i n g  t h e  a c t u a l  sensed a c c e l e r a t i o n  due t o  t h r u s t  

and aerodynamic f o r c e s ,  and adding e r r o r s  a s s o c i a t e d  w i t h  

t h e  p la t form gyros and accelerometers .  The e r r o r  sources  

inc lude  t h e  fo l lowing:  

i n i t i a l  platform misalignment 

gyro d r i f t  

gyro mass unbalance 

gyro a n i s o e l a s t i -  e f f e c t s  

accelerometer  misalignment 

accelerometer  bias 

accelerometer  s c a l e  f a c t o r  e r r o r  

accelerometer  Keasurement quarltum s i z e  

The i n e r t i a l  p la t form aligrLment and t h e  oi-ienta- 

t i o n  of t he  gyro axes a r e  i l l u s t r a t e d  ix-- Figure 2 .  A s  shown 

in Figure 3, t h e  opera t ions  performed t o  s imula te  t h i s  p l a t -  

form proceed by f i r s t  forming t h e  increment i n  v e l o c i t y  

gained dur ing  t h e  l a s t  guidance cyc le  due t o  t h r u s t  and 

aerodynamic f o r c e s .  T h i s  v e l o c i t y  In?remer,t (AV ) i s  ex- 

pressed  i n  t h e  p la t form coordinate  system whlch i s  def ined  

- 
a 

b y  t he  iiorninzl p la t form alignment a t  guicsnce r e fe rence  

r e l e a s e .  
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The e f f e c t s  of i n i t , i  a1 misalignment and p la t form 

d r i f t  a r e  s imulated by t h e  A mat r ix .  T h i s  matrix r e l a t e s  

the  a c t u a l  ins tan taneous  p la t form o r i e n t s t i o n  t o  t h e  naminal 

alignment.  

Euler  angles t a k e n  about t he  p i t c h ,  yaw, and r o l l  axes .  T h e  

d r i f t  rate about each p la t form a x i s  i s  given by 

The i n i t i a l  misalignment i s  descr ibed  by three 

f U .  .a +- TI .a + Sjaij"sj 
j j s j a i j  1J S j  0 3  O j  

o = G D  i U  

where 

G D .  = t he  f i x e d  gyro d r i f t  r 3 t e  of the  jth a x i s  
J 

gyro 

= t h e  mass unbalance about t n e  s p i n ,  i n p u t ,  and us j 'UT j "0 j 
output  axes of t h e  j t h  &xi s  gyro 

S = t h e  a n i s o e l a s t i c  const,lnt of ttne j t h  a x i s  
j 

gyro, and 

= t h e  sensed acce le r ,= t io f )  ,-io,?g t n e  i n p a t  , s i j i v , ,  a i j '"  sjy'oj 
and  0Gtpu-c axes of t h e  ; . t k :  ax is  gyro.  

The t o t a l  d r i f t  r a t e  i s  c a l c u l a t e d  a d  used t o  

update tile A mat r ix  each computation cylcLz. 

With referel ice  t o  F igure  3 ,  t h e  B ma t r ix  s imula tes  

sccelerometer misslignment.  Since t h i s  matrix i s  n o t  t ime 

dependent, it need only  be c a l c u l a t e d  or-ce ~ ci i s  given by 

4 
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PI = 

-s in  E ~ ~ C O S  E sin E cos E 

- s i n  E cos E 

cos & cos E 

sin E cos E 

YX xz YZ xz XY 

YX YZ cos &YXCOS YZ YZ YX 
-sin E COS E sin E ~ ~ C O S  E cos E cos E 

zx ZY zx zx ZY 

where the epsilons are the angles by which the accelerometer 

axes deviate from the platform 3xes as illustrated in Figure 4 .  

Eicceierlme ter bias 2nd scale factor error are introduced by 

the vector arid the matrix [l + SF] respectively. The 

scale factor matrix is of the form 

(1 -t SFx) 

0 I 0 I 0 0 

(1 + SF ) 0 Y 

0 (1 + SFZ) 

where SFi represents the scale factor error of the accelerom- 

eter a long  the itn axis. 

GV,, the output of the platf'orrr, simulation, now 

represents the char,ge in the accelerometer measurements that 

has occurred during the last computatic- cycle. This quantity 

is used by the navigation equations, the M / F  filter, and the 
mixture ratio shift sensor. 

C. Accelerometer Processing 

The accelerometer processing program simulates 

two significant f-mctions: the mixture racio shift sensor 

and the M / F  fiiter. In Section VI.B, the M/T filter specified 
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i n  re ference  8 i s  shown t o  provide an unbiased e s t i m a t e  of 

t h e  mass i n t e r c e p t  time (?) given by 

h 

= (M/F)' vex 

where ( M / F ) '  i s  t h e  output  of t h e  M/F f i l t e r  and Vex i s  t h e  

e f f e c t i v e  exhaust v e l o c i t y .  The mass i n t e r c e p t  t ime i s  

used by  the guidarice equat ions  t o  p r e d i c t  t h e  v e h i c l e ' s  

a c c e l e r a t i o n .  

D .  Navigation Equations 

The onboard naviga.tion w a s  s imula ted  by u s i n g  t h e  

accelerometer measurements i n  t he  MIT "Average G" equa t ions .  

These equat ions were used because they  a r e  s impler  i .1  f o r m  

and a r e  demonstrably equivalent '  t o  t h e  "Boost Navigation" 

equat ions i n  t h e  LVDC Equation Defining Document.' 

g r a v i t y  model used was taken d i r e c t l y  frorri t h e  "BOost 

Navigation" s e c t i o n  of t h e  LVDC document. 

The 

E .  Guidance Equations 

There a r e  two phases of  guldarice f o r  t he  AS-204 

launch v e h i c l e .  During t h e  atmospheric p o r t i s  i of f l i g h t ,  

t h e  veh ic l e  a t t i t u d e  i s  commanded t o  folloh a s p e c i f i e d  

p i t c h  program. T ? L s  program comrnanas 3 v e r t l c a l  a t t i t u d e  

f o r  10  seconds, a t  which t ime the  attitL;; I s  orde rec  t o  

follow a s i x t n  o rde r  p i t c h  polynomial. A b  133 seconds,  t h e  
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a t t i t u d e  i s  agz-cin he ld  constant  u n t i l  a c t i v e  guidance t zkes 

command ?t 185.4 seconds.  The c o e f f i c i e n t s  of t h e  s i x t h  

o rde r  polynomial were ca l cu la t ed  by a l e a s t  squares  f i t  t o  

t h e  g r a v i t y  t u r n  p o r t i o n  of the open loop r e f e r e n c e  t r a j e c -  

t o r y  which was generated w i t h  BCMASP. 

Af te r  1.85.4 seconds, t h e  v e h i c l e  i s  guided by t h e  

2-st.xge I G M  equat ions descr ibed i n  t h e  LVDC Equation Defining 

Dccument.5 IGM opera tes  i n  i t s  normal mode u n t i l  time t o  go 

reaches 46 seconds.  A t  this t ime,  t h e  mode i s  en te red  and 

t h e r e a f t e r  I G M  conzrols  only t h e  v e l o c i t y  vec to r  a t  c u t o f f .  

When time t o  go reaches 14 seconds, the l a s t  s t e e r i n g  o rde r s  

computed by t h e  IGM equations a r e  flown w i t i o u t  updat tng  arnd 

a p a r a b o l i c  e x t r a p o l a t i o n  f o r  c u t o f f  time based on v e l o c i t y  

is employed. 

v 
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I V .  Vehicle Data 

Tables  2 and 3 p resen t  t h e  v e h i c l e  d a t a  used i n  

t h e  e r r o r  a n a l y s i s  t r a j e c t o r y  s imula t ion .  

t h e  engine performance data  as d iscussed  i n  s e c t i o n  I11 - A.  

The weight summary, presented  i n  Table  3, i s  der ived  from 

t h e  Operat ional  F l i g h t  T r a j e c t o r y .  

T a b l e  2 lists 

1 

1. 



- 15 - 

TABLE 2 . .- 

Engine Performance Data 

S-IB Engine Performance Data 

Sea l e v e l  t h r u s t  

Weight r a t e  

T h m s t  chamber a rea  

Drag a r e 3  

S-IVB Engine Performance Data 

5 . O : l  Mixture Rat io  

Thrust  

Weight r a t e  

5.5 :1. Mixture Rat io  

Thrust  

Wei.ght r a t e  

4.7:1 Mixture Rat io  

Thrust  

Weight r a t e  

1710486. l b s  

6226.655 l b s / sec  
6638.749 i n  2 

360. f t 2  

200000. l b s  

504.724 l b s / sec  

226200. l b s  

534.6 l b s / sec  

lgO220. l b s  

441.728 l b s / sec  



I n e r t  wgt a t  z u t o f f  

Fue l  reserve  a t  c u t o f f  

I n j e c t i o n  weight 

TABLE 3 

Weight Summary 

S-IVB weight consumed 

Launch escape system 

Ullxge c Z s e s  

S-IVB weight a t  sepa rx t ion  

S-IB weight consumed 

S-IR i n e r t  weisht 

Vehicle l i f t o f f  \;eight 

65,070 
4 , 062 

224,681 

8 J 500 

220 

302 J 533 

dg1,lC.o 

1C2,645 

1,296 , 36 8 

, 



V. Error. Analysis Results 

The error analysis 

sigma values of platform and 0 
results corresponding to three- 

performance errors are compiled 

in this section. The platform uncertainties were derived 

from reference 10, and the performance uncertainties were ob- 

tained from reference 11. 

4 .  Errors at S-IVB Cutoff 

Tables 4 through 7 present the errors at S-IVB 

cutoff that were generated by simulating perturbed closed 

loop trajectories for each error source. The tabulated dif- 

ferences represent the actual state on the perturbed tra- 

jectory minus the actual state on the nominal. Definitions 

of a l l  symbols are listed in the Appendix. 

In computing the root-sum-square (RSS) values, the 

larger of the differences obtained from the pgsitive and 

!-iegatiTvre perturbation of each error soi;xe was used. The RSS 

values represent the three-sigma magnltudes of variations in 

the parameters at cutoff. 

Total three-sigma values, considering both plat- 

form and performance uncertainties, are listed below for 

the significant parameters at S-IVB cutoff. 

Radius 1492.6 fL 

Velocity magnitude 3.981 ft/sec 

7 7  rllght -. path angle .013i ,3eg 
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I n c l i n a t  Sori 

Node a n g l e  

Time from l a u n c h  

S-IVB f u e l  r e s e r v e  

.0068 deg 

.O252 deg  

19.217 s e c  

1579.5 l b s  

The v e l o c i t y  magnitude u n c e r t a i n t y  shown above a l s o  

i n c l u d e s  t he  e f f e c t s  of q u a n t i z a t i o n  on t h e  c u t o f f  t i m e  compu- 

t a t i o n  ( s e c t i o n  V I  D) and a .O3 second three-sigma u n c e r t a i n t y  

i n  t h e  c u t o f f  e x e c u t i o n .  The c u t o f f  e x e c u t i o n  u n c e r t a i n t y  

c o n t r i b u t e s  2.61 ft/sec as  computed from 

AV = aTcos  a. A t  

2 where aT i s  t h e  ax ia l  a c c e l e r a t i o n  (88.6 f t / s e c  ) and a i s  

t h e  a n g l e  of  a t t a c k  (11 deg) a t  S-IVB c u t o f f .  

F i g u r e s  5 and 6 show S-IVB f u e l  r e s e r v e  a s  a func -  

t i o n  of S-IB and S-IVB f u e l  l o a d l n g  r e s p e c t t v e l y .  The 

f i g u r e s  i n d i c a t e  t h a t  t h e  f u e l  r e s e r v e  COU;C be i n c r e a s e d  

by l o a d i n g  a d d i t i o n a l  f u e l  i n  b o t h  s t a g e s .  

F u e l  o p t i m i z a t i o n  f o r  t he  z e r o  l i f t  t r a j e c t o r y  was 

i n v e s t i g a t e d .  I n  S e c t i o n  11, it  .vhs r-ioczd that  t h e  g r a v i t y  

turn was s e l e c t e d  t o  match t h e  a l t i t u d e  of -3-e MSFC t r a j ec -  

t o r y  a t  185.40 seconds .  F i g u r e  7 demons t r aces  thcic t h e  S-IVB 

c u t o f f  t i m e  could be d e c r e a s e d  by .5 seconds  by r e s h a p i n g  the  

t r a j e c t o r y .  S i n c e  t h i s  r e s u l t s  i n  & f u e l  s a v i n g  of on ly  
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220 l b s ,  t h e  MSFC r e f e r e n c e  t r a j e c t o r y  i s  a near  optimum z e r o  

l ift t r a j e c t o r y .  

reserve,13 but  were not considered i n  t h i s  r e p o r t . )  

( L i f t i n g  t r a j e c t o r i e s  may add t o  t h e  f u e l  

0 
The u n c e r t a i n t y  i n  f u e l  reserve i s  con t ro l l ed  by 

v a r i a t i o n s  i n  f irst  and second s t a g e  I ( n o  mass ra te  change) .  
SP 

For the  assumed three-sigma I v a r i a t i o n  of  l$, t h e  probabi l -  
SP 

i t y  of  f u e l  d e p l e t i o n  i s  extremely small .  F igu res  12 and 13 0 
a re  graphs showing the  v a r i a t i o n  of t h e  three-sigma f u e l  

r e s e r v e  and t h e  p r o b a b i l i t y  of  f u e l  d e p l e t i o n  w i t h  changes 

i n  t h e  assumed va lue  of I u n c e r t a i n t i e s  and nominal f u e l  

r e s e r v e .  
SP 

B. Errors a t  640 Seconds 

Tables 8 through 11 presen t  t h e  errors i n  l o c a l  

v e r t i c a l  coord ina tes  a t  640 seconds, approximately 50 seconds 

a f t e r  nominal S-IVB c u t o f f .  T h i s  coord ina te  system and a l l  

symbols a r e  def ined i n  t h e  Appendix. The - ia lues  t a b u l a t e d  

i n  Tables  8 and 9 r e p r e s e n t  d i f f e r e n c e s  i n  t k e  a c t u a l  s t a t e  

(perturbed-nominal) , whereas those  t abu la t ed  i n  Tables  10 

and 11 r e p r e s e n t  d i f f e r e n c e s  i n  t h e  es t imated s t a t e  

(per turbed-nominal)  as determined by t h e  onboard launch 
0 

v e h i c l e  naviga t ion  equat ions .  

The e r r o r s  a r e  presented i n  t h i s  form t o  provide  

da t a  f o r  gene ra t ing  t r a n s i t i o n  ma t r i ces  between f i x e d  times 

on t h e  AS-204 t r a j e c t o r y .  0 
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V I .  Ana ly t i ca l  I r ives t iga t ions  

The purpose of t h i s  s e c t i o n  i s  t o  determine ma- 

l y t i c a l l y  t h e  performance of c e r t a i n  system f u n c t i o n s  which 

opera te  i n  t h e  presence of n o i s e .  The s p e c i f i c  a r e a s  s t u d i e d  

are : 

(1) 

(2) 

Noise and dynamic response of t h e  M / P  f i l t e r .  

Noise response of t h e  Navigation equat ions  

(Average G Equa t ions ) .  

The e f f e c t  of no i se  on t h e  p r e d i c t i o n  of t h e  

c u t o f f  t i m e .  

( 3 )  

The no i se  source considered i s  t h e  yuantizati.on 

i n  the  accelerometer  reg is te rs .  

source i s  developed. 

A model f o r  t h i s  no i se  

A .  Noise Model 

A t  a s e t  of d i s c r e t e  t i m e  i r i s t a n t s ,  I t j )  
j = 0 , 1 , . . . , n ,  v e l o c i t y  measurements v i ( t . )  
made by t h r e e  i n t e g r a t i n g  acce lerometers  mounted or thogonal ly  

- = 1 , 2 , 3  are 
J 

on an i n e r t i a l  p l a t fo rm 

a T ( t ) T ( t ) d t  + b ( t . )  J 
- 
V a ( t . )  = 

3 
0 



i 
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represents the vector of accelerometer readings. 

aT(t) represents the magnitude of the thrust 

acceleration. 

a(t) is the direction cosine vector of the thrust 

acceleration vector in platform coordinates. 

6(t) represents the vector of e-rrors introduced 

by quantization. 

- 

- 

For the purpose of this analysis it will be assumed 

that the thrust acceleration is such as to cause the velocities 

in all three platform coordinates to be monotonically increasing 

functions of time. With this assumption together with zero 

initial velocity stored in the accelerometers, the accelero- 

meter readings will be lower than the true values. Each compo- 

nent of the quantization noise thus has the probability densfty 

function 
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where b = .164 f t / s e c  (.OS, meters/sec)  i s  t h e  value of  t h e  

l ea s t .  s i g n i f i c a n t  b i t  i n  each a c c e l e r m e t e r  r e g i s t e r .  

Thus t h e  mean o f  t h e  quant lz . i t ion no i se  i s  

E ( G i ( t ) }  = - 2 f t / s e c  = -.082 f t / s e c  

and t h e  var iance  about t h e  mean i s  

G i ( t )  + :)2j = 12 ’* f t 2 / s e c 2  = .GO224 f t2 / sec2  

(4) 

(5) 

The noise i s  also assumed t o  be ur,corre: te2 i.e., 

f o r  j # k .  

The above model has assumed zerO i n i t i a l  cond i t ions  

f o r  t h e  accelerometers .  However, sir-ce t h e  acce lerometers  a r e  

running before  launch, t h e  i n i t i a l  cond i t ions  a r e  actual1.y 

random v a r i a b l e s  which a r e  uniformly d i s t r i b u t e d  over t h e  

quantum i n t e r v a l .  The e f f e c t s  of t h e s e  i n i t i a l  cond i t ions  

a r e  included i n  t h e  a n a l y s i s .  

B .  Noise and Dynamic Response of t n e  N / F  F i l t e r  

The change i n  v e l o c i t y  over a one cyc le  i n t e r v a l  

can be obtained from (1). 
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Here A i a  r e p r e s e n t s  the  measured change In v e l o c i t y  and 

d?(t . )  r ep resen t s  t h e  a c t u a l  change i n  v e l o c i t y .  
J 

A raw estimate (F/M) of t h r u s t  a c c e l e r a t i o n  can 

be formed by 

where 1 1  x 1 )  r ep resen t s  t h e  Eucl idean norm (f ..)'" 
i=l 

t j  - t j-1 o f  t h e  enclosed t h r e e  dimensiGna1 v e c t o r  and AT = 

i s  nominally 1 .7  seconds. 

I n  t h e  absence of no i se  F/M c l o s e l y  approximates 

t h e  t r u e  va lue  of t h r u s t  acce le ra t ior ,  Nhich i s  i n v e r s e l y  

p r o p o r t i o n a l  t o  a l l n e a r  f 'unction of' rime. 

I n  o r d e r  t o  ob ta in  a n  esti : .aiS c: zv,  a f i l t e r  has 
A 

been designed' which opera tes  on t h e  .A,/ 

which nominally l i e  on a s t r a i g h t  ;--.e 

c i i ~ ;  g o i n t s ,  
1 a- which  i s  

f 
?''? = - 

T h e  f 'L:t?P s p e c i f i c a t i o n  fs a b t a i i x d  by d i g i t a l i z i n g  

t h e  fol lowing t r a n s f e r  func t ion  
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( 3 )  
1 + 42s 

1 -I- 42s + 520s2 + 1848s~ + 1936s4 

When t h i s  t r a n s f e r  func t ion  i s  pu t  i n t o  t h e  form 

of 2 negat ive  feedback system, t h e  r e s u l t i n g  system i s  seen 

t o  be of type 2 .  Thus the  continuous f i l t e r  w i l l  fo l low a 

ramp input  (which i s  t h e  expected i n p u t )  w i t h  no s t eady  

s t s t e  e r ro r .  
8 

The t r a n s f e r  func t ion  given by (8)  i s  d i g i t a l i z e d  

t o  y i e l d  the fol lowing d i f f e r e n c e  equat ion:  

The d i s c r e t e  time f i l t e r  has a s t eady  s t a t e  e r r o r  

f o r  a ramp i n p u t .  T h i s  e r r o r  corresponds t o  a time lead 

of .85 seconds which i s  AT/2. If i t  i s  sssilmed t h a t  (FD) 

computed from ( 7 )  i s  v a l i d  a t  t :  

i s  ze ro ,  thereby provid ing  an uilbiased est imate .  

j 
AT + 2 , the  t o t a l  time de lay  

.! -1 

I n  order  t o  ob ta in  the n o i s e  response of the f i l t e r  

it is ,  necesss ry  t o  so lve  t h e  d i f f e r e n c e  equat ion  ( 9 ) .  SOlu- 

t i o n  of t h i s  equat ion r e s u l t s  i n  the  f i l t e r  weight ing sequence 

which can be used t o  ob ta in  t h e  output  n o i s e  va r i ance .  



Equ3tion (9) may be tr;tnsformed i n t o  t he  z domain 

t o  y i e l d  t h e  fo l lowing  t ransfer  func t ion  

N(z) = 0.012095511~~ + 0.021333516~~ 

-O.026158031~~ - O.00526669182 

D(z) = (z-z~)(z-z~)(z-z )(z-z~) 3 

where 

= 0.55836431 

= 0.89341121 

= 0.92563474 

z4 = 0.42741504 

z1 

z2 

z3 

I n v e r t i n g  H( z) y i e l d s  t h e  weight ing sequence v a l i d  

f o r  k) 0 

k-1 
h(k) = - G.3851741(zl, \ k - l  + 0.5297386(z2) 

k-l + 0.163i549(z4) k- 1 -0.25246( z 3 )  

and 

h(0) = 0.012095511 
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Figure 8 shows a p l o t  of t h i s  func t ion  and Figure  9 shows 

the  u n i t  s t e p  response which i s  given by 

For  an input  which c o n s i s t s  of u n c o r r e l s t e d ,  zero 
2 mean, s t a t i o n a r y  no i se  samples of var iance  sin, t h e  s tandard 

devia t ion  of t h e  output  no i se  i s  given by 

It i s  seen from Figure 10 t h a t  oout s e t t l e s  t o  

.323 oin r e s i l l t i n g  i n  a 67.7% no j se  r educ t ion .  

C .  Eoise Response of t h e  Powered F l i g h t  Navigation 

Equations ( "Averac<e G Equhtions") 

It has been shown' t h a t  t h e  Sa tu rn  naviga t ion  

equations can be expressed b y  



- 
a) AVa is the change in velocity, due to thrust 

acceleration, as measured by the accelero- 

meters. 
- 

b )  Rn is the estimate of the position vector at 

time tn. 

is the estimate of the velocity vector at 

time tn. 

e) n 

- 
d) Gn is the gravitational acceleration vector which 

is a non-linear function of R . n 
e) AT is the computation cycle time. 

In a recent paper15 the effect of noise in GVa cn 

the output of these equations was analytically determined. 

The one dimensional problem was considered and the model used 

for gravity was 

2 Gn = - P/Rn (llc) 

Equations (11) represent a set of non-linear, 

c3iipled , difference equations for the navigation p o s i t i o n  

and ~;elocity (the non-linearity being due to the gravity 

term). In Qrder to determine the statistics of the errgrs 

resulting from noisy measurements (AVa) the gravity eyuation 
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i 

in position. The solution of this equation yielded a weight- 

ing sequence (impulse response) which was used to determine 

the statistics of the resulting position errors. The weight- 

ing sequence was then used to determine the statistics of 

the navigation velocity errors introduced by the coupling 

through the gravity terms. 

In this section the results derived in Reference 15 

will be applied to an error analysis of the Saturn launch 

vehicle navigation equations. The error source considered 

here is quantization in the accelerometer registers. A 

model for quantization has been formed in Reference 14 and 

the resulting statistics are 

E { aVa } = - .082 ft./sec. 

- 
~ 

and 

E((bVa + .082)2} = oa = 0.0474 ft./sec. 

The results quoted here will be for n = 353 and AT = 1.7 

seconds (nAT = 600 seconds). 



By us ing  t h e  equat ions der ived  i n  Reference 15 

inc luding  t h e  e f f e c t s  of i n i t i a l  cond i t ions ,  t h e  mean of t h e  

p o s i t i o n  e r r o r  i s  found t o  be 

and t h e  s tandard d e v i a t i o n  about t h i s  mean i s  

0 = 34. f t .  
6R353 

The mean of t h e  v e l o c i t y  e r r o r  i s  found t o  be 

E{6V353} = 0. f t . / s e c .  

and t h e  s tandard d e v i a t i o n  about t h i s  mean i s  

0 = 0.047 (,,@ ) = 0.066 f t . / s e c .  
6v353 

Eere t h e  s tandard dev ia t ion  of t h e  v e l o c i t y  e r r o r  i s  due t o  

t h e  no i se  i n  t h e  most recent  accelerometer  measurement and 

t h e  random i n i t i a l  condi t ions .  

The conclusion of t h i s  a n a l y s i s  i s  t h a t  t h e  output  

cf t h e  p o s i t i o n  naviga t ion  equat ion  i s  unbiased and has a 

s tandard d e v i a t i o n  of 34. f e e t .  The output  of the  v e l o c i t y  

nav iga t ion  equat ion  i s  a l s o  unbiased and has a s tandard de- 

v i a t i o n  of 0.066 f t . / s e c .  



D .  The E f f e c t  of Noise on the P r e d i c t i o n  of t h e  

Cutoff Time 

I n  t h i s  s e c t i o n  t h e  scheme used t o  determine t h e  
* 

cu to f f  time of t h e  S-IVB w i l l  be eva lua ted .  

The procedure used i s  t o  f i t  a second degree poly- 

nomial t o  the magnitude of t h e  t h r e e  most r ecen t  v e l o c i t i e s  

obtained from t h e  nav iga t ion  equat ions .  The v e l o c i t y  data 

i s  then ex t r apo la t ed ,  us ing  t h e  polynomial, t o  determine t h e  

t ime a t  which t h e  pred ic ted  v e l o c i t y  would equal  t h e  d e s i r e d  

t e rmina l  v e l o c i t y  (V,). 

Let V2, V1, Vo be t h e  t h r e e  most r e c e n t  v e l o c i t i e s  

obtained from t h e  nav iga t ion  equat ions  a t  t imes t,, tl, and 

to r e s p e c t i v e l y ,  where 
L 

- tl  = A t 2 ,  tl - to = A t ,  t2  

and 

t2 - to = A t 3  

* 
It i s  assumed that t h e  scheme used i s  t h a t  o u t l i n e d  i n  t h e  
LVDC Equation Defining Document f o r  t h e  AS-204 F l i g h t  
Program.5 
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The r e s u l t i n g  e x t r a p o l a t i n g  poiynomial i s  

a2t2 + a t + v2 - vT = o (12) g I g  

Ti" where t 

The c o e f f i c i e n t s  3f t h e  polynomial a r e  

i s  t h e  pred ic ted  t i m e  t o  go requi red  t o  achieve V 
g 

+ a , A t 2  a1 = v2 - v1 
At2 

The method proposed t o  solve (12)  f o r  t i s  r e -  g 
c u r s i v e  

"g a1 + a t 2 g  

where t he  t 

e s t i m a t e  minus A t  i . e . ,  

appearing i n  the denominator i s  t h e  previous 
g 

2' 
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Since a2 i s  small t h e  quadra t i c  i s  n o t  solved 

d i r e c t l y .  For t he  purpose of t h e  n o i s e  a n a l y s i s  of t h e  c u t -  

o f f  scheme i t  w i l l  be assumed t h a t  (13) i s  an exact. s o l u t i o n  

of ( 1 2 ) .  

L e t  t h e  v e l o c i t y  output of the nav iga t ion  equat ions  

be represented by 

V ( t )  = P ( t )  + n ( t )  + 6v0 (14) 

P ( t )  r e p r e s e n t s  t h e  a c t u a l  v e l o c i t y  assumed t o  be 

a second degree polynomial i n  t ime.  

n ( t )  i s  t h e  no i se  output  of t h e  nav iga t ion  equa- 

t i o n s  due t o  q u a n t i z a t i o n .  The one sigma value of 

n ( t )  i s  .0474 f t / s e c .  It should a l s o  be remembered 

t h a t  n ( t >  i s  an uncor re l a t ed  p rocess .  

6Vo r e p r e s e n t s  t h e  i n i t i a l  cond i t ions  of t h e  a c c e l -  

erometers  a t  l i f t o f f .  The one sigma value of 6V 

i s  a l s o  .0474 f t / s e c .  
0 

Since bV0 i s  a cons t an t  du r ing  t h e  f l i g h t ,  it a f f e c t s  

a l l  computations of V and thus  a f f e c t s  t h e  t e r m i n a l  v e l o c i t y  

d i r e c t l y .  However, s ince  n ( t )  i s  an uncor re l a t ed  process ,  

t h e  standard d e v i a t i o n  of t h e  e r r o r  i n  t e r m i n a l  v e l o c i t y  (ao) 

due t o  n ( t )  i s  a func t ion  of t h e  number of p r e d i c t i o n  c y c l e s  

and the  l e v e l  of the input  no i se  ( a i ( t ) )  as shown i n  F igure  11. 
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For t h e  problem under cons ide ra t ion ,  

= .0474 f t / s e c .  ‘i 

and PI, which i s  t h e  number o f  p o i n t s  used i n  t h e  f i t ,  i s  3. 

The cu to f f  c a l c u l a t i o n  i s  terminated when t h e  p r e d i c t i o n  

t ime i s  between 0.8 and 1 .8  c y c l e s ,  and t h e  c u r r e n t  e s t i m a t e  

of’ t i s  used t o  command c u t o f f .  

The p r e d i c t i o n  time ( t  ) i s  now t r e a t e d  as a random 

v a r i a b l e  uniformly d i s t r i b u t e d  from 0.8 c y c l e s  t o  1.8 c y c l e s .  

The d e n s i t y  func t ion  f o r  t i s  

P 

P 

I t  can be shown tha t  t h e  c o n d i t i o n a l  var iance  of t h e  v e l o c i t y  

e r r o r  a t  cu tof f  (t  ) given t h e  p r e d i c t i o n  time i s  given b y  c o  

Now t h e  var iance  of the v e l o c i t y  e r r o r  at  cu to f f  i s  given by 
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L e t t i n g  x = -& y i e l d s  

1.8 

i 0 .8  

2 

2 
a 

a 
(1 + 3x + a 2 ,* + 6x3 + $ x4)dx = 38.9 

or 

- OO = 6.23. 
i 0 

Thus the  standard d e v i a t i o n  of the e r r o r  i n  cu to f f  v e l o c i t y  

due t o  quant iza t ion  i n  t h e  measurements dur ing  the  f l i g h t  and 

i n i t i a l  ve loc i ty  s to red  i n  the accelerometers  a t  l i f t o f f  i s  

2 
0 = (.0474){(6.23)* + (1)2} = .299 f t / s e c .  

The t h r e e  s igma deviat ior!  of .897 f t / s e c .  has been included 

i n  t h e  v e l o c i t y  magnitude u n c e r t a i n t y  l i s t e d  on page 17 .  
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APPENDIX 

D e f i n i t i o n  of Coordinate Systems 

Pla t form Coordinates 

The platform coordinate  system (x ,y ,z )  i s  an  e a r t h  

cen te red  i n e r t i a l  system def ined  w i t h  t h e  y-axis upward 

a long  t h e  l o c a l  v e r t i c a l  a t  launch, t h e  x-axis perpendicular  

t o  t h e  y-axis,  po in t ing  downrange along t h e  launch azimuth, 

and t h e  z-axis completing a r i g h t  handed or thogonal  coordi-  

n a t e  system. 

UVW Coordinates 

0 

The UVW coordinate  system i s  an  e a r t h  centered  

i n e r t i a l  system defined r e l a t i v e  t o  the s t a t e  v e c t o r  a t  640 

sec  on t h e  nominal closed l o o p  r e fe rence  t r a j e c t o r y .  U i s  

def ined  a s  upward along t h e  p o s i t i o n  vec tor ,  V i s  a long t h e  

p r o j e c t i o n  of t h e  v e l o c i t y  vec to r  i n  a plane perpendicular  

t o  U, and W completes t h e  r i g h t  handed or thogonal  system. 

DEFINITION OF SYMBOLS 

Observed Tra j ec to ry  Var iab les  

Symbol 

XDOT 

YDOT 

, ZDOT 

Uni t s  

f t / s e c  

f t / s e c  

f t / s e c  

Descr ip t ion  
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Symbol 

x 
Y 

Z 

V 

R 

T 

BETA1 

WGT 

PHIT 

GINCL 

DNODE 

w 
w 
vw 
RU 

RV 

RW 

VNV 

VNV 

VNW 

RNU 

RNV 

RNW 

Units 

ft 

ft 

ft 

ft/sec 

ft 

sec 

deg 

lbm 

deg 

deg 

deg 

ft/sec 

ft/sec 

ft/sec 

ft 

ft 

ft 

ft/sec 

ft/sec 

ft/sec 

ft 

ft 

ft 

-I IAL 

Description 

position in platform coordinates 

magnitude o f  velocity vector 

magnitude of position vector 

time from launch 

inertial flight path angle 

mass of vehicie 

central arigle flown by vehicle 

inclination of orbit 

angle from launch rneridian to 
descending node 

I velocity in UVW coordinates 

position in UVW coordinates I 
navigation estimate of velocity 

in UVW coordinates I 
navigation estimate of position 

in UVW coordinates I 
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Appendix - 3 

Symbol 

GDSVX 

GDSVY 

GDSVZ 

ussvx 
USSVY 

ussvz 
UISVX 

UISVY 

UISVZ 

uosw 
uosw 
uosvzl 
SSVX 

SSVY 

ssvz 
SFSVX 

SPSVY 

SFSVZ 

ABSVX 

ABSVY 

ABSVZ 

Uni t s  

deg/hr 

deg/hr 

deg/hr 

P l a t f o r m  Errors 

Desc r ip t ion  

s teady  s t a t e  gyro d r i f t  r a t e s  

about X, Y, and Z axes  

deg/hr/g 

deg/hr/g 

deg/hr/g 

deg/hr/g 

gyro d r i f t  due t o  mass unbalance 

about s p i n  a x i s  

gyro d r i f t  due t o  mass unbalance 

about i npu t  a x i s  
deg/hr/g 

deg/hr/g 

gyro d r i f t  due t o  mass unbalance 

about output  a x i s  

gyro d r i f t  due t o  a n i s o e l a s t i c  

e f f e c t s  

1 accelerometer  s c a l e  f a c t o r s  

g 

g accelerometer  b i a s  

g 



* 
Appendix - 4 

Symbol 

CHIlX 

CHIlY 

CHIlZ 

EPSVXY 

EPSVXZ 

%PSvYX 

EPSVYZ 

EPSVZX 

EPSVZY 

3ymbol 

HEDWND 

RCRWND 

EISPl 

EDW GT1 

EISP2 

‘ L N T I A L  

Desc r ip t ion  

I i n i t i a l  p la t form misalignment 

Performance Errors 

Desc r ip t ion  

f t / s e c  h o r i z o n t a l  wind i n  p i t c h  p lane ,  

opposing v e h i c l e ’ s  motion 

f t / s e c  h o r i z o n t a l  wind from r i g h t  s i d e  

a long  p i t c h  a x i s  

% error i n  first s t a g e  s p e c i f i c  i m -  

pu lse ,  weight r a t e  h e l d  cons tan t  

% e r r o r  i n  f i rs t  s t a g e  weight r a t e ,  

s p e c i f i c  impulse he ld  cons tan t  

% error i n  second s t a g e  s p e c i f i c  i m -  

pu lse ,  weight r a t e  h e l d  cons t an t  



Appendix - 5 

Symbol 

EDWGT2 

WGTl  

ERTELl 

EFUEL2 

ETMIX2 

EC n 
ECL 

ERHOA 

Uni t s  

% 

lbm 

% 
$ 

see  

De s c r i u  t i o n  

e r r o r  i n  second s t a g e  weight r a t e ,  

s p e c i f i c  impulse h e l d  cons t an t  

e r r o r  i n  f i r s t  s t a g e  d r y  mass 

e r r o r  i n  f i r s t  s t a g e  f u e l  l oad ing  

e r r o r  i n  second s t a g e  f u e l  

loading  

e r r o r  i n  t ime  of rnixture r a t i o  

s h i f t  

e r r o r  i n  d rag  c o e f f i c i e n t  

e r r o r  i n  l i f t  c o e f f i c i e n t  

e r r o r  i n  atmosphere 's  d e n s i t y  
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FIGURE 12 
30- FUEL U N C E R T A I N T Y  AS A FUNCTl ON OF 

F I R S T  AND SECOND S T A G E  Isp UNCERTAINTY 
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FIGURE 13 
L l T Y  OF FUEL DEPLETION AS A FUNCTION 
FUEL RESERVE AND FUEL U N C E R T A I N T Y  
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